We consider the equation (r(t)(y Δ (t)) γ ) Δ + f (t,x(δ(t))) = 0, t ∈ T, where y(t) = x(t) + p(t) x(τ(t)) and γ is a quotient of positive odd integers. We present some sufficient conditions for neutral delay and mixed-type dynamic equations to be oscillatory, depending on deviating arguments τ(t) and δ(t), t ∈ T.
Some preliminaries on time scales
A time scale T is an arbitrary nonempty closed subset of the real numbers. The theory of time scales was introduced by Hilger [6] in his Ph.D. thesis in 1988 in order to unify continuous and discrete analysis. Several authors have expounded on various aspects of this new theory, see [7] and the monographs by Bohner and Peterson [3, 4] , and the references cited therein.
First, we give a short review of the time scales calculus extracted from [3] . For any t ∈ T, we define the forward and backward jump operators by σ(t) := inf{s ∈ T : s > t}, ρ(t) := sup{s ∈ T : s < t}, (1.1)
respectively. The graininess function μ : T → [0,∞) is defined by μ(t) := σ(t) − t. A point t ∈ T is said to be right dense if t < supT and σ(t) = t, left dense if t > inf T and ρ(t) = t. Also, t is said to be right scattered if σ(t) > t, left scattered if t > ρ(t).
A function f : T → R is called rd-continuous if it is continuous at right dense points in T and its left-sided limit exists (finite) at left dense points in T.
For a function f : T → R, if there exists a number α ∈ R such that for all ε > 0 there exists a neighborhood U of t with | f (σ(t)) − f (s) − α(σ(t) − s)| ≤ ε|σ(t) − s|, for all s ∈ U, then f is Δ-differentiable at t, and we call α the derivative of f at t and denote 2 Oscillation of neutral dynamic equations it by f Δ (t),
if t is right scattered. When t is a right dense point, then the derivative is defined by
provided this limit exists. If f : T → R is Δ-differentiable at t ∈ T, then f is continuous at t. Furthermore, we assume that g : T → R is Δ-differentiable. The following formulas are useful:
A function F with F Δ = f is called an antiderivative of f , and then we define
where a,b ∈ T. It is well known that rd-continuous functions possess antiderivatives. 6) and if
If f is rd-continuous, then
Introduction
In this paper, we are concerned with the oscillatory behavior of the second-order neutral dynamic equation with deviating arguments
where
Unless otherwise is stated, throughout the paper, we assume the following conditions:
By a solution of (NE), we mean a nontrivial real-valued function x such that x(t) + p(t)x(τ(t)) and r(t) [(x(t) + p(t)x(τ(t))) Δ ] γ are defined and Δ-differentiable for t ∈ T, and satisfy (NE) for t ≥ t 0 ∈ T. A solution x has a generalized zero at t in case x(t) = 0. We say x has a generalized zero on [a,b] 
. A nontrivial solution of (NE) is said to be oscillatory on [t x ,∞) if it has infinitely many generalized zeros when t ≥ t x ; otherwise it is called nonoscillatory. Finally, (NE) is called oscillatory if all its solutions are oscillatory.
In recent years, there has been a great deal of work on the oscillatory behavior of solutions of some second-order dynamic equations. To the best of our knowledge, there is very little known about the oscillatory behavior of (NE). Indeed, there are not many results about nonneutral second-order equation in the form of (NE) when p(t) ≡ 0. For some oscillation criteria, we refer the reader to the papers [1, 2, 9, 12] and references cited therein.
Subject to our corresponding conditions, Agarwal et al. [2] considered the secondorder neutral delay dynamic equation
where τ and δ are positive constants. A part of this study contains two main theorems proven by the technique of reduction of order. Previously obtained result about oscillation of first-order delay dynamic equation
is used to be compared with (2.1). One of them is the following which is auxiliary for the proof of the first theorem in [2] .
3) where Note that the monotonicity condition imposed on r is quite restrictive and therefore Theorem 2.3 applies only to a special class of neutral-type dynamic equations. Also, τ(t) = t − τ and δ(t) = t − δ being just linear functions cause further restrictions.
The above results are of special importance for us and in fact they motivate our study in this paper. Our purpose here, first of all, is to show that the conclusions of Theorems 2.2 and 2.3 are valid without the monotonicity condition on r and requirements τ(t) = t − τ and δ(t) = t − δ. In the next section, we present some new oscillation criteria under very mild conditions and more general assumptions to extend the above results for the neutral delay and mixed dynamic equations.
Main results
Since we deal with the oscillatory behavior of (NE) on time scales, throughout the paper, we assume that the time scale T under consideration satisfies sup T = ∞. We label (NE) as (NE) d or (NE) m that refers to neutral delay or mixed dynamic equation if δ(t) < t or δ(t) > t, respectively.
Proof. Assume, for the sake of contradiction, that (NE) d has a nonoscillatory solution x(t). We may assume that x(t) is eventually positive, since the proof when x(t) is eventually negative is similar. Because δ(t), τ(t) → ∞ as t → ∞, there exists a positive number t 1 ≥ t 0 , such that x(δ(t)) > 0 and x(τ(t)) > 0 for t ≥ t 1 . We also see that y(t) > 0 for t ≥ t 1 . We may claim that y Δ (t) has eventually a fixed sign. If y Δ has a generalized zero on I = [t 2 ,σ(t 2 )) for some t 2 > t 1 , then 
. Using this fact together with τ(t) ≤ t and x(t) < y(t), we see that y(t) = x(t) + p(t)x τ(t) ≤ x(t) + p(t)y τ(t) ≤ x(t) + p(t)y(t)
Because of (H2), we have for sufficiently large t ≥ t 3 ,
By the nonincreasing property of r 1/γ y Δ , (3.8) and using (3.7), we get
There exists a number t * = δ(t 3 ) < t 3 ≤ t such that the following holds from inequalities (3.6) and (3.9):
In view of (NE) d and (H3), we have
Substituting (3.10) into the last inequality, we obtain for t ≥ t * ,
where z(t) = r(t)(y Δ (t)) γ is an eventually positive solution. This contradicts condition (3.1), the proof is complete.
Remark 3.2.
In case that T = N, (2.2) reduces to the first-order delay difference equation
where h n = n − h, h ∈ N and n > h ≥ 1. Erbe and Zhang [5] proved that (3.13) is oscillatory provided that
In the proof of Theorem 2.3, first (2.1) is reduced to a first-order delay dynamic equation in the form of (2.2) and then, by similar steps of the proof of well-known oscillation criterion given by Ladas et al. [8] for (2.2) when T = R, a contradiction is obtained in view of condition (2.7). But when T = N, considering definition (1.7), condition (2.7) is derived as
which is not the same as condition (3.14).
To overcome this difficulty, we intend to use the following sufficient condition established by Ş ahiner and Stavroulakis [10] for (2.2) to be oscillatory on any time scale T.
Lemma 3.3 [9, Theorem 2.4]. Assume that h(t) < t. If
Proof. Suppose the contrary that x is a nonoscillatory solution of (NE) d and following the same steps as in Theorem 3.1, we obtain (3.12). The rest of the proof is exactly the same as that of Lemma 3.3, see [10] . The proof is complete. Proof. Assume that (NE) m has a nonoscillatory solution x(t). Without loss of generality, we assume that x(t) is eventually positive. Proceeding as in the proof of Theorem 3.1, it is known that x(t) < y(t) and y Δ (t) > 0. Therefore, for sufficiently large t 4 , we obtain instead of (3.6),
Using this with inequality (3.9), we get
At the end, we obtain
where z(t) = r(t)(y Δ (t)) γ is an eventually positive solution. This contradicts condition (3.29), the proof is complete. We note that obtained results in this section generalize and extend some sufficient conditions about oscillation previously established to neutral and nonneutral differential difference and dynamic equations.
